Effect of surface energy on the yield strength of nanoporous materials Appl. Phys. Lett. 90, 063104 (2007); 10.1063/1.2459115
Ordered porous materials have attracted increasing attention in recent years due to their unique optical, electrical, and catalytic properties. [1] [2] [3] [4] With the development of fabrication technology, the pore morphologies and porosities can be accurately controlled by electrochemical etching, depending on the doping and etching conditions. 5 Understanding of the relationship between their structures and mechanical properties is necessary for their functional applications. 3, 4 The major focus of most previous works has been limited to the elastic response of porous samples to external mechanical loads and the related properties including the effective bulk and Young's moduli. [6] [7] [8] However, the elastic response of porous materials to internal pressure loadings has attracted much less attention. 9 There are numerous application examples of porous materials, especially for pores in nanoscale subjecting to internal loading, such as gas or fluid adsorption in nanoporous solids in the fields of geology, biology, chemistry, etc. 4, 10 Such nanoporous solids usually have ordered channel-like independent cylinder pores. In the process of adsorption or desorption of gas or fluid, as a consequence of the physical and chemical interactions between the guest molecules and the solid pore walls, the solid walls either contract or expand. 11, 12 Such phenomena are known as adsorption-induced deformation. [13] [14] [15] [16] [17] [18] Since the expansion of charcoal upon adsorption of CO 2 and other gases was reported in the 1920s, 13, 14 adsorption-induced deformation has been observed for various porous systems, e.g., porous silicon, 15 zeolites, 16 aerogels, 17 and low-k films. 18 Due to the potential applications to design sensors and actuators, 19, 20 the issue of adsorption-induced deformation received renewed attention in recent years. 21, 22 The newly-developed experimental techniques, such as in situ small-angle X-ray and neutron diffractometry, provided powerful tools to quantitatively investigate these nanoporous systems. 23 Based on the experimental methods, adsorption deformation was measured for highly ordered two dimensional (2D) pore lattice structures, such as MCM-41 or SBA-15. [21] [22] [23] [24] The adsorptioninduced strain was caused by capillary pressure which acts as a radial stress on the pore walls.The ratio between the pressure in the pore and the experimentally measured strain can be defined as the pore-load modulus which can be expressed as a function of porosity and the elastic constants of the solid skeleton. 21 Different from bulk and Young's moduli, the pore load modulus is a metrics of the deformability of the sample under the internal loading, e.g., the pressure inside the pore.
There are several theoretical models proposed to describe the relationship between the poreload modulus and the geometric and material constants. 21, 22, [24] [25] [26] [27] In the early attempt given by Dolino et al., 25 an analytical expression for the pore-load modulus was derived as a function of material parameters. Prass et al. 21 proposed another model based on the similarity of the adsorption-induced strain and the hoop stress in the thin-walled cylinders. Recently, a more accurate theoretical model was given by Gor et al., 27 in which a single cylindrical pore was taken as a unit cell and elastic solution for the pressurized thick-walled cylinders was adopted to calculate the engineering strain in the unit cell. One important hypothesis in the model is that the axisymmetric conditions used implies the stress vanish at half of the distance between neighboring pores. The analytical model is found to match the FEM results well and only slightly overestimate the corresponding FEM results.
Classical theory of elasticity, used in the aforementioned models, does not admit intrinsic size dependency in the elastic solutions. At nano-scale, however, the surface energy of structures plays a significant role in their mechanical properties. [28] [29] [30] Similarly, when the pore size reduces to nanoscale, the high surface area to volume ratio of the ordered nanoporous materials introduces notable surface effects into their mechanical properties of the materials, [31] [32] [33] [34] while all previous models did not consider the surface effect on the adsorption-induced deformation.
In this Letter, a theoretical framework considering the surface effect on the pore-load modulus of ordered nanoporous materials is developed, in which a micromechanical model based on the elastic solution of a single-pore model (i.e., a thick-wall cylinder) is adopted to take the pressure on the outer radius into account. The influence of the geometrical arrangement of pores is also considered and the influence of the surface energy on the adsorption-induced deformation is included by introducing surface elastic constants. The proposed model can be used to calculate the pore load modulus and reflect the size effect at nanoscale. When the surface effect is negligible, the theoretical model reduces to the classical solution without the size effect. In order to validate the proposed analytical model, the pore-load modulus of a parallel cylindrical pores distributed on two lattices, i.e., triangular (also known as the hexagonal) and square lattices, have been calculated numerically using FEM. The predictions of our analytical model show a good agreement with the FEM results. Finally, the influence of surface energy on the adsorption-induced deformation and size-dependent pore load modulus are discussed.
Note that the surface to volume ratio in nanoporous materials is huge. The influence of surface energy on their mechanical performance becomes important and should be taken into account. Generally, the influence of surfaces can be described either by surface energy or surface stress. For a linear isotropic surface without residual surface tension, the surface stress σ s α β is given by 28, 35 
where µ s and λ s are the surface Lame constants (in the unit of N/m), which can be determined through atomic simulations or experiments. 36 On the interface, the equilibrium equations and the constitutive relations on the surface are expressed as σ i j n i n j = σ s α β κ α β , where n i is the normal vector of the surface, and κ α β is the curvature of the surface. For a curved surface, such as a circular hole, the surface stress and the surface curvature play a dominant role in the surface equilibrium conditions.
For typical ordered nanoporous materials like MCM-41 or SBA-15, as illustrated in Fig. 1(a) , all exhibiting cylindrical pores are arranged on a well ordered 2D triangular lattice. Considering the thickness of the plate is much larger than the pore diameter size, the porous plate can be regards as under plane strain condition. Gor et al. pointed out that the dilatational strain in the plate with many pores can be approximated to the engineering strain of the unit cell of pressurized cylinder, with the outer diameter equaling half of the pore spacing. 27 However, it should also be noted that each cylinder will be affected by the neighboring cylinders. For nanoporous materials with triangular lattice, there are six pores near the central unit cell. (See Fig. 1(b) , the enlarged sub-graph in Fig. 1(a) ). Hence, the outer boundary of the cylinder cannot be considered as free surface. Let us consider a single pressurized thick-wall cylinder with inner radius a and outer radius b, subjecting the inner and outer pressure p i and p o under the plane-strain condition, as shown in Fig. 1(c) . According to the classical theory of elasticity, 37 the stress components in the bulk can be express as
and the radial displacement is
where E and v are the Young's modulus and Poisson ratio of the solid matrix, respectively, and A and C are unknown constants to be determined by boundary conditions. According to the constitutive relation for the bulk material, the hoop strain on the inner surface of the cylinder is related to the bulk stresses by
Thus, the surface stress σ s θθ at r = a, as given by Eq. (1), can be obtained as
Since the cylinder unit cell is extracted from the nanoporous plate, the outer surface is not exposed as a free surface. Thus the surface energy only affects the inner surface of the cylinder. Considering this added effect from the surface stress, the boundary conditions are given as
Substitution of Eqs.
(2) and (6) into Eq. (6) yields
where k = (2µ S + λ S )/(Ea) is a dimensionless parameter describing the relative contribution of surface effect. For a given nanoporous material, k increases as the pore radius decreases. When the pore size is large enough so that k is negligible, Eq. (7) can reduce to the classical elastic results of the pressurized thick-wall cylinder. 37 It can be found that the inner pressure p i is the pressure that the fluid exerts on each pore wall, and the outer pressure p o was induced by the interaction between the neighboring pores. Note that, by introducing the non-zero outer pressure p o , the effects of different geometrical configurations can be considered. If we consider an infinite plate containing a single pore, subjected to the uniform pressure p i at the radial direction of the pore, the radial stress is σ r = (a 2 /r 2 )p i . The interaction induced pressure at the outer radius of the cylinder can be assumed to be
where α is a factor depending on the geometrical arrangement of pores. For nanoporous materials with the triangular lattice arrangement, there are six pores near the central unit cell (see Fig. 1(b) ), and considering the interaction of the adjacent two pores at the same time, the factor should be choose as 2/6 (i.e., α = 1/3). Similarly, the factor for the square lattice arrangement is 2/4 (α = 1/2). The radial displacement can be completely determined by substituting Eqs. (7) and (8) into Eq. (3). And the engineering strain of a single cylinder pore can be calculated as ε e = u (b) /b. Thus, the pore-load modulus of the nanoporous material can be then obtained by the definition
where ξ = a 2 /b 2 is the porosity factor which is related to porosity ϕ by ξ = π/2 √ 3 · ϕ for the triangular lattice and ξ = π/4 · ϕ for the square lattice. For a porous material under plane stress condition, the parameters E and v should be replaced by E/ 1 − v 2 and v/(1 − v), respectively.
It can be found that the pore-load modulus depends on the material properties E, v, porosity ϕ, and the geometrical arrangement factor α. Moreover, the surface effect parameter k plays an important role on the pore-load modulus of nanoporous material. As we have mentioned before, k is the parameter describing the relative contribution of surface effect. For the porous material with given mechanical properties, k is increasing with the decreasing of the pore radius, and indicating the surface effect more obvious. As a limited case, when the pore radius is larger enough that k approaches zero, Eq. (9) will reduce to the classical solution without the surface effect as
Moreover, for the special case of neglecting the geometrical factor, α = 0, Eq. (10) can be further reduced to the solution provided by Gor et al. 27 In order to validate the proposed theoretical model of the pore-load modulus, the FEM simulations are performed to calculate to the adsorption-induced deformation of the ordered porous materials with triangular and square lattice. To simplify, here we just focus on the simplified model without the surface effect (Eq. (10)) in this case for the validation purpose. The boundary condition are set as the left and bottom surfaces are constrained in the x and y directions, respectively, while the right and top surface move freely (see Fig. 1(a) ), to ensure the ordered porous plate can be freely expansion under the applied pressure at every pore. Numerical experiment shows that a model with the number of 15 × 17 unit cells for triangular (and 15 × 15 for square) lattice is sufficient to show the homogenized responses of porous materials. Moreover, mesh sensitivity study has been conducted to ensure the numerical convergence of the FEM models. The constituting solid skeleton is assumed to be silicon with Young's modulus E = 130GPa and Poisson's ratio v = 0.28. 27 The FEM predicted porosity dependent pore-load modulus of the porous material, which are normalized by the Young's modulus of the solid matrix, are shown in Figs. 2(a) and 2(b) for the triangular and square lattice samples as red triangles, respectively. The corresponding theoretical predictions given by Eq. see that our theoretical model agrees very well with the FEM results, with the maximum relative error being less than 5%. For the both lattice arrangements, the plane stress solutions are also plotted in the figures (shown as blue solid lines), with the corresponding FEM results included as blue inverted triangles for comparison. Again, excellent agreement between the FEM results and theoretical predictions is obtained. Eq. (10) can be adopted to estimate the pore-load modulus of the mesoporous material with macro-scale pores, where k approaches zero and the surface effect is negligible. Now, let us revisit the adsorption-induced deformation of nanoporous materials, with the surface effect taken into account. A recent experiment is conducted by Gor et al. 27 They measured the adsorption-induced strain of a nanoporous silicon sample with a mean pore diameter of 8 nm and a volume porosity of 60%, and calculated the corresponding pore-load modulus from the measurement data. For the single-crystalline silicon used in their experiment, the bulk elastic constants are chosen as E = 130GPa and v = 0.28, and the corresponding surface Lame constants, i.e., µ S = −2.77N/m and λ S = −4.49N/m, are adopted from the atomic simulation. 36 Fig. 3 depicts the dependence of the normalized pore-load modulus on the porosity of the nanoporous sample. It clearly shows that the prediction given by the theoretical model incorporating surface effect (the blue solid line in Fig. 3 given by Eq. (9)) match the experimental data 27 (the black square) better than the classical theoretical prediction without surface effect (red solid line given by Eq. (10)). It is noted that some post-fabrication processes such as infiltration may result in negative surface elastic constants with greater absolute values. Under such circumstance, the actual surface Lame constants of the nanoporous sample used in the experiment may be less (with greater absolute values) than the values used in our present predictions, leading to even lower predictions and approaching closer to the experimental results.
In order to further investigate the size-dependent effect of the pore-load modulus, the nanoporous materials with different pore radii and porosities are considered. Aluminum with Young's modulus E = 90GPa and Poisson's radio v = 0.23 is taken into consideration. Atomistic calculations indicate that a solid surface can be either elastically softer or stiffer than their bulk counterparts. 38 Thus, two typical sets of surface elastic constants for isotropic surfaces of aluminum are used 36 : µ S = −6.22 N/m and λ S = 3.49N/m for the surface [1 0 0], µ S = −0.38N/m and λ S = 6.84N/m for the surface [1 1 1] . It can be found the dimensionless parameter k is negative for the surface [1 0 0] and positive for the surface [1 1 1] . They can be called as "stiff" and "soft" surfaces, respectively.
The normalized pore-load moduli, predicted by using Eq. (9) for the two sets of surface properties, are plotted as a function of the pore radius in Fig. 4 . Where the solid lines with open symbols and solid symbols denote stiff and soft surfaces, respectively, and three different porosities (ϕ = 0.2, 0.4 and 0.6) are considered with different colors. It can be found that the surface effects cause the pore-load modulus to decrease (increase) with reducing pore size for the soft (stiff) surface. Evidently, for both two surfaces, the surface effect on the pore-load modulus becomes more and more significant as the pore radius decreases less than 10 nm. Moreover, the surface effects are more prominent for a nanoporous sample with a higher porosity.
In conclusion, this work studied the influence of surface effect on the adsorption-induced deformation of the ordered nanoporous materials. An analytical solution for the pore-load modulus with surface effects was derived based on the single pore model of a pressurized thick-wall cylinder unit cell, and the surface elastic constants were adopted to describe the influence of surface energy. The proposed theoretical model are validated by comparing with FEM simulations for the limited case without surface effect and show great agreements, with the maximum relative error smaller than 5%. The model prediction clearly represents the experimentally observed soft pore-load modulus for nanoporous silicon. It also reveals that the surface effect plays an important role on the elastic response for nanoporous materials, and the pore-load modulus shows significant size-dependent characteristics. The present study warrants further qualitative studies in measuring the mechanical properties of nanoporous materials and in designing nanoporous material based sensors and actuators in various applications.
